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Abstract 

Generalized hypersubstitutions are mappings from the set of all fundamental 
operations into the set of all terms of the same language do not necessarily 
preserve the arities. Strong hyperidentities are identities, which are closed under 
these generalized hypersubstitutions and a strongly solid variety is a variety, 
which every its identity is a strong hyperidentity. In this paper, we               
defined relations isoVRGVRG −~,~  on the set of all regular generalized 

hypersubstitutions, and investigate some algebraic structural properties of the 
monoid of all regular generalized hypersubstitutions. 

1. Introduction 

The concept of a hypersubstitution was introduced by Denecke et al. 
in 1991 [2]. They used it to make precise the concept of a hyperidentity. A 
hypersubstitution of type =τ  ( ) Iiin ∈  is a mapping 
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{ } ( ),: XWIifi τ→∈σ  

which maps in -ary operation symbols to in -ary terms. Let ( )τHyp  be the 
set of all hypersubstitutions of type .τ  For every ( ),Hyp τ∈σ  induces a 
mapping ( ) ( )XWXW ττ →σ :ˆ  as follows: for any ( ) [ ]tXWt σ∈ ˆ,τ  is 
defined inductively by 

(i) [ ] ,:ˆ xx =σ  for any variable ,Xx ∈  and 

(ii) [ ( )] ( ) ( [ ] [ ]),ˆ,,ˆ:,,ˆ 11 ii nini ttfttf σσσ=σ KK  where [ ] ij njt ≤≤σ 1,ˆ  

are already defined. 

It turns out that ( ( ) )idh σο ,;Hyp τ  is a monoid, where =σοσ :21 h  
οσοσ ,ˆ 21  denotes the usual composition of mappings, and ( ) =σ iid f  

( )ini xxf ,,1 K  is the identity element. 

In 1998, Chajda et al. introduced the concept of algebras induced by 
hypersubstitutions [1]. In 2009, Phuapong and Leeratanavalee introduced 
the concept of generalized derived algebras, generalized induced algebras, 
and studied its properties [7]. Let { }Iifi ∈  be an indexed set of 
operation symbols of type ( ) ,Iiin ∈=τ  where if  is an in -ary, .N∈in  Let 

( )XWτ  be the set of all terms of type τ  built up by these operation 
symbols and by variables of an alphabet { }.,,,: 321 KxxxX =  If 

{ }nn xxxX ,,,: 21 K=  is an n element alphabet, we obtain the set 

( )nXWτ  of all n-ary terms. By ( ) ( ( );: nn XWX ττ =F  ( ) ),~
Iiif ∈  we denote 

the absolutely free algebra of type ,τ  freely generated by 

{ },,,, 21 nxxx K  where the operations ( )nXW
ii ff τ=

~  are defined by 

( ) ( ),,,,,:~
11 ii nini wwfwwf KaK  

for each Ii ∈  and for all ( ),,,1 nn XWww i τ∈K  and ( )XτF  is the 

absolutely free algebra of type ,τ  freely generated by X. 

Let V be a variety of type τ  and let ( ( ) )Ii
A

ifA ∈= ;Α  be an indexed 

algebra of type τ , where A
if  is an in -ary operation on A. By IdV, we 

denote the set of all identities satisfied in V. 
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The concept of generalized hypersubstitutions was introduced by 
Leeratanavalee and Denecke [4]. Leeratanavalee and Denecke used it as 
a tool to study strong hyperidentities, and used strong hyperidentities to 
classify varieties into collections called strong hypervarieties. Varieties, 
which every its identity is closed under arbitrary application of 
generalized hypersubstitutions are called strongly solid. 

A generalized hypersubstitution of type ,τ  or for short simply a 
generalized hypersubstitution, is a mapping σ , which maps each in -ary 
operation symbol of type τ  to a term of this type in ( ),XWτ  which does 
not necessarily preserve the arity. We denoted the set of all generalized 
hypersubstitutions of type τ  by ( ).Hyp τG  To define a binary operation 
on ( ),Hyp τG  at first, we defined inductively the concept of superposition 

of terms ( ) ( )XWXWS mm
ττ →+1:  by the following steps: 

for any term ( ),XWt τ∈  

  (i) if ,1, mjxt j ≤≤=  then ( ) ,:,,, 1 jmj
m tttxS =K  

 (ii) if ,, N∈<= jmxt j  then ( ) ,:,,, 1 jmj
m xttxS =K  

(iii) if ( ),,,1 ini ssft K=  then 

( ) ( ( ) ( )).,,,,,,,,:,,, 1111 mn
m

m
m

im
m ttsSttsSftttS i KKKK =  

Instead of ( ),,,, 1 m
m tttS K  we also write ( ).,,1 mttt K  

An algebra with similar properties can be obtained, if we define a 
superposition operation for n-ary operations on a set A. We consider the 
set ( )AO  of all finitary operations on A. 

Definition 1.1. Let ( ) 1, ≥nAOn  be the set of all n-ary operations 

defined on the set A. Then, ( )1+n -ary superposition operation           

( ) ( )AOAOS nnnAn →+1, :  is defined by ( )( ) =:,,,,, 11
,

n
A
n

AAAn aaggfS KK  

( ( ) ( )),,,,,,, 111 n
A
nn

AA aagaagf KKK  for every ( ) .,,1
n

n Aaa ∈K   
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Here A
n

A gg ,,1 K  as well as are n-ary. This can be generalized to an 

operation ( ) ( ( )) ( ) 1,:, ≥→× mAOAOAOS mnmnAn
m  defined by 

( ) ( ) ( ( ) ( )).,,,...,,,:,,,,, 11111
,

m
A
nm

AA
m

A
n

AAAn
m aagaagfaaggfS KKKK =  

Definition 1.2. Let A  be an algebra of type ( ) .Iiin ∈=τ  Let 

( ).XWt τ∈  Then, t induces an n-ary term operation AAt nA →:  called 

the n-ary term operation induced by the term t on the algebra ,A  via the 
following steps: 

(i) if ,nj Xxt ∈=  then ,: , An
j

A
j

A ext ==  where ( )n
An

j aae ,,: 1
, K  

jaa  is n-ary projection onto the j-th coordinate, 

(ii) if ,\ nj XXxt ∈=  then n
a

A
j

A cxt == :  is the n-ary constant 

operation on A with value a, and each element from A is uniquely induced 
by an element from ,\ nXX  

(iii) if ( )ini ttft ,,1 K=  and A
n

A
i

tt ,,1 K  are the n-ary term operations, 

which are induced by ,,,1 intt K  then ( ).,,, 1
, A

n
AA

i
AnA

i
i ttfSt K=  

We extended a generalized hypersubstitution σ  to a mapping 
( ) ( )XWXW ττ →σ :ˆ  inductively defined as follows: 

 (i) [ ] ,:ˆ Xxx ∈=σ  

(ii) [ ( )] ( ( ) [ ] [ ]),ˆ,,ˆ,:,,ˆ 11 i
i

i ni
n

ni ttfSttf σσσ=σ KK  for any in -ary 

operation symbol ,if  where [ ] ij njt ≤≤σ 1,ˆ  are already defined. 

Then, we defined a binary operation Gο  on ( )τGHyp  by =σοσ :21 G  
,ˆ 21 σοσ  where ο  denotes the usual composition of mappings. Let idσ  be 

a hypersubstitution, which maps each in -ary operation symbol if  to the 
term ( ).,,1 ini xxf K  Leeratanavalee and Denecke proved the following 

propositions. 
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Proposition 1.3 [4]. For arbitrary terms ( )XWttt n τ∈,,, 1 K  and for 

arbitrary generalized hypersubstitutions ,,, 21 σσσ  we have 

 (i) ( [ ] [ ] [ ]) [ ( )],,,,ˆˆ,,ˆ,ˆ 11 n
n

n
n tttStttS KK σ=σσσ  

(ii) ( ) .ˆˆˆ 2121 σοσ=σοσ   

Proposition 1.4 [4]. ( ) ( ( ) )idGGG σο= ,;HypHyp ττ  is a monoid and 

the monoid ( ) ( ( ) )idh σο= ,;HypHyp ττ  of all arity preserving 

hypersubstitutions of type τ  forms a submonoid of ( ).Hyp τG  

An identity vu ≈  is called an M-strong hyperidentity of a variety V, 
where M  is any submonoid of ( ),Hyp τG  if for any generalized 

hypersubstitution ,M∈σ  the identity [ ] [ ]vu σ≈σ ˆˆ  holds in V . A variety 
V is called an M-strongly solid, if every identity of V is an M-strong 
hyperidentity of V. If M  is the monoid ( ),Hyp τG  an M-strong 

hyperidentity is called a strong hyperidentity, and an M-strongly solid 
variety is called a strongly solid variety. 

Generalized hypersubstitution can also be applied to algebras. For an 

algebra ( ( ) )Ii
A

ifAA ∈= ;  of type τ , we define the generalized derived 

algebra [ ]Aσ  by [ ] ( ( ( ) ) ).; Ii
A

ifAA ∈σ=σ  The generalized derived 

algebra [ ]Aσ  is an algebra of the same type τ  and with the same 

universe A. The set { ( ) }Iif A
i ∈σ  of fundamental operations of [ ]Aσ  is 

a subset of the set of all term operations of the algebra .A  If V is a 

strongly solid variety, then ( ) { [ ] } ,: VVAAV ⊆∈σ=σ  for all 
( ).Hyp τG∈σ   

2. Regular Generalized Hypersubstitutions and  
M-Strongly Solid Varieties 

In this section, we recall some basic facts about regular generalized 
hypersubstitutions and M-strongly solid varieties. 
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Definition 2.1 [6]. A generalized hypersubstitution ( )τGHyp∈σ  is 
called a regular generalized hypersubstitution, if for every ,Ii ∈  each of 
the variables inxxx ,,, 21 K  occur in [ ( )].,,,ˆ 21 ini xxxf Kσ  

Let ( )τGReg  be the set of all regular generalized hypersubstitutions 
of type .τ  Then, we have ( ) ( ).HypReg ττ GG ⊆  

Proposition 2.2 [6]. For any type ( )ττ GReg,  is a submonoid of 

( ).Hyp τG  

Lemma 2.3. Let A  be an algebra of type ( ) .; N∈= ∈ iIii nnτ  For 

( )τGReg∈σ  and ( ),XWt τ∈  we denoted the n-ary term operation 

induced by t in the algebra [ ],Aσ  and the n-ary term operation induced by 

[ ]tσ̂  in the algebra A  by [ ]Atσ  and [ ] ,ˆ Atσ  respectively. Then, we have 

[ ] [ ].ˆ AA tt σ=σ  

Proof. We will proceed by induction on the complexity of the term t. 

If ,ni Xxt ∈=  then [ ] [ ].ˆ , A
i

An
i

A
i

A
i xexx σ===σ  

If ,\ nj XXxt ∈=  then [ ] [ ]A
j

n
a

A
j

A
j xcxx σ===σ :ˆ  is the n-ary 

constant operation on A  with value a, and every element from A is 

uniquely induced by an element from .\ nXX  If ( )ini ttft ,,1 K=  and 

assume that [ ] [ ],ˆ A
j

A
j tt σ=σ  for all ,1 inj ≤≤  then 

[ ( )] ( ( ) [ ] [ ])Ani
nA

ni i
i

i ttfSttf σσσ=σ ˆ,,ˆ,,,ˆ 11 KK  

( ( ) [ ] [ ] )A
n

AA
i

An
i

i ttfS σσσ= ˆ,,ˆ, 1
, K  

( [ ] [ ] [ ] )A
n

AA
i

An
i

i ttfS σσσ= ,,, 1
, K  

( ) [ ].,,1
A

ni ittf σ= K  

 
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Lemma 2.4. Let ( )τGReg, 21 ∈σσ  and ( ).lgA τ∈A  Then ( [ ])A21 σσ  
( )[ ].12 AG σοσ=  

Proof. We have 

( [ ]) ( ( ( ) [ ] ) )Ii
A

ifAA ∈
σσ=σσ 2121 ;  

( ( [ ( )] ) )Ii
A

ifA ∈σσ= 12ˆ;   by Lemma 2.3 

( (( ) ( ) ) )Ii
A

iG fA ∈σοσ= 12;  

( )[ ].12 AG σοσ=  

 

Let ( )τlgA⊆K  be a class of algebras of type τ  and ( ) .2XWτ⊆∑  

Consider the connection between ( )τlgA  and ( )2XWτ  given by the 
following two operators: 

( )( ) ( ( ) ) ( ( ) ) ( )( ),Alg:,lgA: 22 ττ ττ PPPP →→ XWModXWId  

with 

{ ( ) ( )},: 2 tsAKAXWtsIdK ≈∈∀∈≈= τ  

{ ( ) ( )}.Alg: tsAtsAMod ≈∈≈∀∈= ∑∑ τ  

Clearly, the pair (Mod, Id) is a Galois connection between ( )τAlg  and 

( ) .2XWτ  We have two closure operators ModId and IdMod, and their 
sets of fixed points. 

Definition 2.5. Let A  be an algebra of type τ  and let M  be a 
submonoid of the monoid ( ).Reg τG  Then, we define 

( )( ) ( )( ) ( ( ) ) ( ( ) ),:,AlgAlg: 22 XWXWE
M

A
M ττττ PPPP →χ→χ  

by 

( ) { [ ] },: MAAA
M ∈σσ=χ  
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[ ] { [ ] [ ] }.ˆˆ: MtstsE
M ∈σσ≈σ=≈χ  

For ( )τAlg⊆K  and ( ) ,2XWτ⊆∑  we define ( ) ( )AK A
M

KA

A
M χ=χ

∈
U:  and 

[ ] [ ].: tsE
M

ts

E
M ≈χ=χ

∑∈≈
∑ U  

Proposition 2.6. Let ( )τAlg∈A  and ( ) .2XWts τ∈≈  Then 

( ) [ ].tsAifftsA E
M

A
M ≈χ≈χ   

Proof. We have 

( ) ( [ ] )tsAMtsAA
M ≈σ∈σ∀⇔≈χ   

( [ ] [ ] )AA tsM σσ =∈σ∀⇔  

( [ ] [ ] )AA tsM σ=σ∈σ∀⇔ ˆˆ  

( [ ] [ ])tsAM σ≈σ∈σ∀⇔ ˆˆ  

[ ].tsA E
M ≈χ⇔   

 

Definition 2.7. Let V be a variety of algebras of type .τ  Then V is 

said to be M-strongly solid, if ( ) .VVA
M =χ  If ( ),Reg τGM =  then V is 

called regular strongly solid. 

3. V-Proper Regular Generalized  
Hypersubstitutions 

In this section, we give the definition of V-proper regular generalized 
hypersubstitution, V-regular generalized equivalent, and investigate 
some algebraic structural properties of the set of all V-proper regular 
generalized hypersubstitutions and V-regular generalized equivalent. 
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Definition 3.1. Let V be a variety of algebras of type .τ  A regular 
generalized hypersubstitution ( )τGReg∈σ  is called a V-proper regular 

generalized hypersubstitution, if for every IdVts ∈≈  one gets 
[ ] [ ] .ˆˆ IdVts ∈σ≈σ  

We denote ( )VPRG  for the set of all V-proper regular generalized 

hypersubstitutions of type .τ  

Proposition 3.2. The algebra ( ( ) )idGRG VP σο ,;  is a submonoid of 

( ( ) ).,;Reg idGG σοτ  

Proof. Clearly, ( ).VPRGid ∈σ  If ( ),, 21 VPRG∈σσ  then for every 

,IdVts ∈≈  we have [ ] [ ] IdVts ∈σ≈σ 22 ˆˆ  and [ [ ]] [ [ ]] .ˆˆˆˆ 2121 IdVts ∈σσ≈σσ  

This means that ( ) [ ] ( ) [ ] IdVts ∈σοσ≈σοσ 2121 ˆˆˆˆ  and thus, 

( ) [ ] ( ) [ ] .2121 IdVts GG ∈σοσ≈σοσ   Therefore, ( ),21 VPRGG ∈σοσ  

and then ( )VPRG  is a submonoid of ( ).Reg τ    

Definition 3.3. Let V be a variety of algebras of type .τ  Two regular 
generalized hypersubstitutions 21, σσ  of type τ  are called V-regular 

generalized equivalent, if and only if ( ) ( ) ,21 IdVff ii ∈σ≈σ  for all .Ii ∈  

In this case, we write .~ 21 σσ VRG  

Theorem 3.4. Let V be a variety of algebras of type ,τ  and let 21, σσ  

( ).Reg τG∈  Then, the following are equivalent: 

  (i) .~ 21 σσ VRG  

 (ii) For every ( ),XWt τ∈  the equation [ ] [ ] .ˆˆ 21 IdVtt ∈σ≈σ  

(iii) For every [ ] [ ],, 21 AAVA σ=σ∈  where [ ] ( ( ( ) ) );; Ii
A

ikk fAA ∈σ=σ  

.2,1=k  

Proof. (i) ⇒  (ii). We will proceed by induction on the complexity of 
the term t. 
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If ,, N∈∈= iXxt i  then [ ] [ ] .ˆˆ 21 IdVxxxx iiii ∈σ=≈=σ  

If ( )ini ttft ,,1 K=  and assume that [ ] [ ] ,ˆˆ 21 IdVtt jj ∈σ≈σ  for all 

{ },,,2,1 inj K∈  then 

[ ( )] ( ( ) [ ] [ ])Ani
nA

ni i
i

i ttfSttf 111111 ˆ,,ˆ,,,ˆ σσσ=σ KK  

( ( ) [ ] [ ] )A
n

AA
i

An
i

i ttfS 1111
, ˆ,,ˆ, σσσ= K  

( ( ) [ ] [ ] )A
n

AA
i

An
i

i ttfS 2122
, ˆ,,ˆ, σσσ= K  

( ( ) [ ] [ ])Ani
n

i
i ttfS 2122 ˆ,,ˆ, σσσ= K  

[ ( )] .,,ˆ 12
A

ni ittf Kσ=  

Hence, [ ( )] [ ( )] .,,ˆ,,ˆ 1211 IdVttfttf ii nini ∈σ≈σ KK  

(ii) ⇒  (iii). Let .VA ∈  From (ii), we have [ ] [ ] IdVtt ∈σ≈σ 21 ˆˆ  for all 

( ).XWt τ∈  Then [ ] [ ].ˆˆ 21 ttA σ≈σ  Thus, ( ) ( )Ai
A

i ff 21 σ=σ  for all 
.Ii ∈  Therefore, [ ] [ ].21 AA σ=σ  

(iii) ⇒  (i). Let VA ∈  and [ ] [ ].21 AA σ=σ  Then ( ) ( )Ai
A

i ff 21 σ=σ  
for all .Ii ∈  Thus, ( ) ( ) .21 IdVff ii ∈σ≈σ  So, .~ 21 σσ VRG    

Proposition 3.5. Let V be a solid variety of algebras of type .τ  Then, 
the relation VRG~  is a congruence on ( ).Reg τG  

Proof. It is clear that VRG~  is an equivalence relation on ( ).Reg τG  
Assume that 21 ~ σσ VRG  and .~ 43 σσ VRG  Then, by Theorem 3.4 (ii), 
for all ,Ii ∈  we get 

[ ( )] [ ( )] ,ˆˆ 32313231 IdVIdVff GGii ∈σοσ≈σοσ⇒∈σσ≈σσ  

and 

[ ( )] [ ( )] .ˆˆ 42324232 IdVIdVff GGii ∈σοσ≈σοσ⇒∈σσ≈σσ  

By transitivity, we get ,4231 IdVGG ∈σοσ≈σοσ  and so, 31 σοσ G  
.~ 42 σοσ GVRG   
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Proposition 3.6. Let V be a variety of algebras of type .τ  Then the 
following hold: 

(i) For all ( ),Reg, 21 τG∈σσ  if ,~ 21 σσ VRG  then 1σ  is a V-proper 

regular generalized hypersubstitution, iff 2σ  is a V-proper regular 

generalized hypersubstitution. 

(ii) For all ( )XWts τ∈,  and for all ( ),Reg, 21 τG∈σσ  if 

,~ 21 σσ VRG  then [ ] [ ] IdVts ∈σ≈σ 11 ˆˆ  iff [ ] [ ] .ˆˆ 22 IdVts ∈σ≈σ  

Proof. (i) Let 1σ  be a V-proper regular generalized hypersubstitution. 

Then for all ,IdVts ∈≈  the equation [ ] [ ] ∈σ≈σ ts 11 ˆˆ .IdV  Since 

,~ 21 σσ VRG  we have [ ] [ ] [ ] [ ].ˆˆˆˆ 2112 ttssV σ≈σ≈σ≈σ  Thus, 2σ  is a 

V-proper regular generalized hypersubstitution. The other direction can 
be proved in the same way. 

(ii) Suppose that [ ] [ ] .ˆˆ 11 IdVts ∈σ≈σ  Since ,~ 21 σσ VRG  the 

equations [ ] [ ]ss 21 ˆˆ σ≈σ  and [ ] [ ]tt 21 ˆˆ σ≈σ  are identities in V by Theorem 

3.4. Thus, [ ] [ ] .ˆˆ 22 IdVts ∈σ≈σ  The converse can be proved in the same 

way.   

Corollary 3.7. The set ( )VPRG  is a union of equivalence classes with 

respect to .~VRG  

Now, we consider the equivalence class of the identity generalized 
hypersubstitution. 

Definition 3.8. Let V be a variety of algebras of type .τ  A regular 
generalized hypersubstitution ( )τGReg∈σ  is called an inner regular 

generalized hypersubstitution of a variety V, if for every ,Ii ∈  

[ ( )] ( ) .,,,,ˆ 11 IdVxxfxxf ii nini ∈≈σ KK  

Let ( )VPRG
0  be the set of all inner regular generalized hypersubstitutions 

of V. By the definition, ( )VPRG
0  is the equivalence class [ ] .~VRGidσ  
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Proposition 3.9. If ( ),0 VPRG∈σ  then [ ] ,ˆ IdVtt ∈≈σ  for all 

( ).XWt τ∈   

Proof. We will proceed by induction on the complexity of the term t. 

If ,Xxt i ∈=  then [ ] .ˆ IdVtxxt ii ∈=≈=σ  

If ( )ini ttft ,,1 K=  and assume that [ ] ,ˆ IdVtt jj ∈≈σ  for all  

{ },,,2,1 inj K∈  then 

[ ( )] ( ( ) [ ] [ ])Ani
nA

ni i
i

i ttfSttf σσσ=σ ˆ,,ˆ,,,ˆ 11 KK  

( ( ) [ ] [ ] )A
n

AA
i

An
i

i ttfS σσσ= ˆ,,ˆ, 1
, K  

( )A
n

AA
i

An
i

i ttfS ,,, 1
, K=  

( ) .allfor,,,1 VAttf A
ni i ∈= K  

 

Proposition 3.10. The algebra ( ( ) )idGRG VP σο ,;0  is a submonoid of 

( ( ) ).,; idGRG VP σο  

Proof. Clearly, ( ).0 VPRGid ∈σ  Assume that ( )., 0
21 VPRG∈σσ  Then 

( ) [ ( )] [ [ ( )]]ii niniG xxfxxf ,,ˆˆ,, 121121 KK σσ=σοσ   

[ ( )]ini xxf ,,ˆ 12 Kσ≈    by Proposition 3.9 

( )ini xxf ,,1 K≈    by Proposition 3.9 

.IdV∈  

Therefore, ( ).0
21 VPRGG ∈σοσ  Thus ( )VPRG

0  is a monoid. By Proposition 

3.9, we have ( ) ( ).0 VPVP RGRG ⊆  So, ( ( ) )idGRG VP σο ,;0  is a submonoid 

of ( ( ) ).,; idGRG VP σο    
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Now, we show that the compatibility condition from the definition of a 
homomorphism for algebras transfers fundamental operations to 
arbitrary term operations. 

Lemma 3.11. Let ( )τAlg∈A  and let At  be the n-ary term operation 

on A induced by the n-ary term ( ).XWt τ∈  Let ( ).Alg τ∈B  If BA →ϕ :  
is an isomorphism, then for all ,,,1 Aaa in ∈K  

( ( )) ( ( ) ( )).,,,, 11 ii n
B

n
A aataat ϕϕ=ϕ KK  

Proof. We will proceed by induction on the complexity of the term t. 

If ,ni Xxt ∈=  then ,, An
i

A
i

A ext ==  and ., Bn
i

B
i

B ext ==  Thus, 

( ( )) ( ( ))ii n
An

in
A aaeaat ,,,, 1

,
1 KK ϕ=ϕ  

( )iaϕ=  

( ( ) ( ))in
Bn

i aae ϕϕ= ,,1
, K  

( ( ) ( )).,,1 in
B aat ϕϕ= K  

If ,\ nj XXxt ∈=  then n
a

A
j

A cxt ==  is the n-ary constant operation 

on A with value a, and each element from A is uniquely induced by an 

element from ,\ nXX  and n
b

B
j

B cxt ==  is the n-ary constant operation 

on B with value b, and each element from B is uniquely induced by an 
element from .\ nXX  Thus, 

( ( )) ( ( ))ii n
A
jn

A aaxaat ,,,, 11 KK ϕ=ϕ  

( )aϕ=  

,b=   for some unique Bb ∈  

( ( ) ( ))in
B
j aax ϕϕ= ,,1 K  

( ( ) ( )).,,1 in
B aat ϕϕ= K  
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If ( ),,,1 ini ttft K=  and assume that ( ( )) ( ( ) ,,,, 11 KK ataat B
jn

A
j i ϕ=ϕ  

( )),inaϕ  for all ,1 inj ≤≤  then 

( ( )) ( ( ) ( ))iii n
A

nin
A aattfaat ,,,,,, 111 KKK ϕ=ϕ  

( ( ) ( ))ii
i n

A
n

AA
i

An aattfS ,,,,, 11
, KKϕ=  

( ( ) ( ))iii n
A
nn

AA
i aataatf ,,,,,,, 111 KKKϕ=  

( ( ( )) ( ( )))iii n
A
nn

AB
i aataatf ,,,,,, 111 KKK ϕϕ=  

( ( ( ) ( )) ( ( ) ( )))iii n
B
nn

BB
i aataatf ϕϕϕϕ= ,,,,,, 111 KKK  

(( ) ( ( ) ( )))ii n
B
n

BB
i aattf ϕϕ= ,,,, 11 KK  

( ( ) ( )).,,1 in
B aat ϕϕ= K             

Proposition 3.12. Let ( )τAlg, ∈BA  and ( ).Reg τG∈σ  If BAh →:  

is an isomorphism, then h is also an isomorphism from [ ]Aσ  to [ ].Bσ  

Proof. Since BAh →:  is bijective, the mapping [ ] [ ]BAh σ→σ:  is 

also bijective because algebras and their derived algebras have the same 
universes. By Lemma 3.11, for the term ( ),ifσ  we have 

( [ ]( )) ( ( ) ( ))ii n
A

in
A

i aafhaafh ,,,, 11 KK σ=σ  

( ) ( ( ) ( ))in
B

i ahahf ,,1 Kσ=  

[ ]( ( ) ( )).,,1 in
B

i ahahf Kσ=  

This shows that BAh →:  is a homomorphism. Therefore, [ ] [ ].BA σ≅σ  

                   
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Definition 3.13. Let V be a variety of algebras of type τ  and 21, σσ  

( ).Reg τG∈  Then, we define 

[ ] [ ] .,iff~ 2121 VAAAisoVRG ∈∀σ≅σσσ −  

Clearly, .~~ isoVRGVRG −⊆  

Proposition 3.14. Let V be a variety of algebras of type .τ  Then, 

(i) the relation isoVRG−~  is a right congruence on ( );Reg τG  

(ii) if V is a strongly solid variety, then isoVRG−~  is a congruence on 

( ).Reg τG  

Proof. (i) Let 21 ~ σσ −isoVRG  and ( ).Reg τG∈σ  Then [ ] [ ]AA 21 σ≅σ   

and [ [ ]] [ [ ]],21 AA σσ≅σσ  for all VA ∈  by Lemma 3.12. Consider 

( )[ ] [ [ ]] [ [ ]] ( )[ ].2211 AAAA GG σοσ=σσ≅σσ=σοσ  So, isoVRGG −σοσ ~1  

.2 σοσ G  This shows that isoVRG−~  is a right congruence. 

(ii) Assume that V is strongly solid. Then, [ ] VA ∈σ  for all 

( )τGReg∈σ  for all .VA ∈  Since [ [ ]] [ [ ]]AAisoVRG σσ≅σσσσ − 2121 ,~  

for all .VA ∈  Consider ( )[ ] [ [ ]] [ [ ]] ( )[ ].2211 AAAA GG σοσ=σσ≅σσ=σοσ  

So, .~ 21 σοσσοσ − GisoVRGG  This shows that isoVRG−~  is a left 

congruence and because of (i), it is a congruence.   

Proposition 3.15. If ( ),Alg τ=V  then isoVRG−~  is a congruence on 

( ).Reg τG  

Proof. Since ( ),Alg τ=V  so V is a strongly solid variety. Thus, the 

claim follows from Proposition 3.14 (ii).   

Proposition 3.16. The equivalence class ( ) =− VP isoVRG
RG

,0  [ ]
isoVRGid −

σ ~  

is the submonoid of ( ( ) ).,;Reg idGG σοτ  
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Proof. Clearly, ( ).,0 VP isoVRG
RGid

−∈σ  Next, we will show that 

( )VP isoVRG
RG

−,0  is closed under the operation .Gο  Let ∈σσ 21,  

( ).,0 VP isoVRG
RG

−  Then idisoVRG σσ −~1  and .~2 idisoVRG σσ −  These 

imply that [ ] AA ≅σ1  and [ ] ,2 AA ≅σ  for all .VA ∈  We have 

( ) [ ] [ [ ]],1221 AAG σσ=σοσ     by Lemma 2.4 

[ ]A2σ≅  

.A≅  

Then ( ) .~21 idisoVRGG σσοσ −  Therefore, ( ).,0
21 VP isoVRG

RGG
−∈σοσ  So, 

( )VP isoVRG
RG

−,0  is the submonoid of ( ).Reg τG    

Proposition 3.17. Let V be a variety of algebras of type ,τ  
IdVts ∈≈  for ( )XWts τ∈,  and let ( ).Reg, 21 τG∈σσ  If 

21 ~ σσ −isoVRG  and [ ] [ ] ,ˆˆ 11 IdVts ∈σ≈σ  then [ ] [ ] .ˆˆ 22 IdVts ∈σ≈σ  

Proof. Assume that 21 ~ σσ −isoVRG  and [ ] [ ] .ˆˆ 11 IdVts ∈σ≈σ  Then 
by Theorem 3.4, we have [ ] [ ]AA 21 σ≅σ  for all .VA ∈  So, there is an 
isomorphism ϕ  from [ ]A1σ  to [ ].2 Aσ  Let .,,1 Abb in ∈K  Then, there 

are elements ,,,1 Aaa in ∈K  such that ( ) ( ) .,,11 ii nn baba =ϕ=ϕ K  We 

have 

[ ] ( ) [ ] ( ( ) ( ))ii nn aasbbs ϕϕσ=σ ,,ˆ,,ˆ 1212 KK  

( [ ] ( ))inaas ,,ˆ 11 Kσϕ=  

( [ ] ( ))inaat ,,ˆ 11 Kσϕ=  

[ ] ( ( ) ( ))inaat ϕϕσ= ,,ˆ 12 K  

[ ] ( ).,,ˆ 12 inbbt Kσ=  

Then, [ ] [ ] AIdts ∈σ≈σ 22 ˆˆ  for all .VA ∈  So, [ ] [ ] .ˆˆ 22 IdVts ∈σ≈σ    
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Corollary 3.18. The set ( )VPRG  is a union of equivalence classes 

with respect to .~ isoVRG−  

Remark 3.19. ( ) ( ) ( ).,00 VPVPVP RG
isoVRG

RGRG ⊆⊆ −  

4. Generalized Unsolid and Generalized  
Fluid Varieties 

For a strongly solid variety, every identity is closed under all 
generalized hypersubstitutions. At the other extreme is the case, where 
the identities are closed only under the identity hypersubstitution. 

Definition 4.1. A variety V of algebras of type τ  is said to be 

generalized unsolid, if ( ) ( ),0 VPVP RGRG =  and V is said to be completely 

generalized unsolid, if ( ) ( ) { }.0
idRGRG VPVP σ==  

Definition 4.2. A variety V of algebras of type τ  is said to be iso-

generalized unsolid, if ( ) ( ),,0 VPVP isoVRG
RGRG

−=  and V is said to be 

completely iso-generalized unsolid, if ( ) ( ) { }.,0
id

isoVRG
RGRG VPVP σ== −  

Proposition 4.3. Let V be a variety of algebras of type .τ  Then, 

 (i) if V is generalized unsolid, V is iso-generalized unsolid; 

(ii) V is completely generalized unsolid, if and only if V is completely 
iso-generalized unsolid. 

Proof. (i) The claim follows from the definitions and Remark 3.19. 

(ii) If V is completely generalized unsolid, then V is completely iso-
generalized unsolid by Remark 3.19. Conversely, assume that V is 

completely iso-generalized unsolid. Then ( ) ( ) { }.,0
id

isoVRG
RGRG VPVP σ== −  

Since, ( ) ( )VPVP RGRG ⊆0  and ( ) ,0/≠VPRG  we get ( ) =VPRG
0  { }.idσ  So, 

V is completely generalized unsolid.   
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Definition 4.4. A variety V of algebras of type τ  is said to be 
generalized fluid, if for every algebra ,VA ∈  and every regular 

generalized hypersubstitution ( ),Reg τG∈σ  there holds 

[ ] [ ] .AAVA ≅σ⇒∈σ  

We denote by ( ),Vσ  the class of all algebras [ ]Aσ  with .VA ∈  As an 

easy consequence of the definition, we have the following result. 

Proposition 4.5. If a variety V of algebras of type τ  is generalized 
fluid, then for every ( ),Reg τG∈σ  there holds 

( ) ( [ ] ).AAVAVV ≅σ∈∀⇒⊆σ  

Proposition 4.6. Let V be a variety of algebras of type .τ  Then for all 
( ) ( ) ,,Reg VVG ⊆σ∈σ τ  if and only if ( ).VPRG∈σ  

Proof. Assume that ( ) .VV ⊆σ  Let .IdVts ∈≈  Then, ( )VIdIdV σ⊆  

and we have ( ).VIdts σ∈≈  So, [ ] [ ] IdVts ∈σ≈σ ˆˆ  by Proposition 2.6. 

Therefore, ( ).VPRG∈σ  Conversely, we assume that ( ).VPRG∈σ  Let 

( )VA σ∈  and .IdVts ∈≈  Then, [ ] [ ] IdVts ∈σ≈σ ˆˆ  by ( )VPRG∈σ  and 

( )VIdts σ∈≈  by Proposition 2.6. Since ( ),VA σ∈  we have AIdts ∈≈  

and .VA ∈  So, ( ) .VV ⊆σ    

This shows that, if a variety V of algebras of type τ  is generalized 
fluid, then for every regular generalized hypersubstitution ( ),Reg τG∈σ  

there holds 

( ) ( [ ] ).AAVAVPRG ≅σ∈∀⇒∈σ  

Proposition 4.7. Let V be a generalized fluid variety of algebras of 
type .τ  Then, ( ) [ ] .isoVRGidRG VP −σ=  

Proof. Let ( ).VPRG∈σ  Then [ ] [ ] IdVts ∈σ≈σ ˆˆ  for all IdVts ∈≈  
implies that [ ] [ ] ,ˆˆ AIdts ∈σ≈σ  for all .VA ∈  By Proposition 2.6, we have 

[ ].AIdts σ∈≈  So, [ ] VA ∈σ  for all VA ∈  and for all ( ).Reg τG∈σ  
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Since V is generalized fluid, we have [ ] AA ≅σ  and this implies that 
.~ idisoVRG σσ −  Therefore, [ ] .~ isoVRGid −σ∈σ  Thus ( ) ⊆VPRG  

[ ] ,~ isoVRGid −σ  but [ ] ( ).~ VPRGisoVRGid ⊆σ −  So, ( ) [ ] .~ isoVRGidRG VP −σ=   

 

Proposition 4.8. Let V be a strongly solid variety of algebras of type 
.τ  Then V is generalized fluid, if and only if ( ) [ ] .~ isoVRGidRG VP −σ=  

Proof. By Proposition 4.7, we have that V is generalized fluid, then 
( ) [ ] .~ isoVRGidRG VP −σ=  Conversely, we assume that ( ) =VPRG  

[ ] .~ isoVRGid −σ  Let ( ).Reg τG∈σ  Since V is strongly solid, we get 

[ ] ,VA ∈σ  for all .VA ∈  Next, we will show that ( ).VPRG∈σ  Suppose 
that ( ).VPRG∈/σ  Then, there is an identity ,IdVts ∈≈  such that 
[ ] ≈σ sˆ [ ] ,ˆ IdVt ∈/σ  and this implies that there exists VA ∈  such that 
[ ] ≈σ sˆ [ ] .ˆ AIdt ∈/σ  By Proposition 2.6, we get [ ]AIdts σ∈/≈  and 
[ ] ,VA ∈/σ  which is a contradiction. So, ( ) [ ] isoVRGidRG VP −σ=∈σ ~  and 

isoVRG−σ ~  .idσ  Therefore, [ ] AA ≅σ  for all .VA ∈  Then V is 
generalized fluid.   

Let V be a generalized fluid variety of algebras of type τ  and assume 
that W is a subvariety of V. Clearly, W is also generalized fluid since, for 
all VWA ⊆∈  and ( ),Reg τG∈σ  we have 

[ ] [ ] .AAWA ≅σ⇒∈σ  

Therefore, we have the following. 

Proposition 4.9. Every subvariety of a generalized fluid variety of 
algebras of type τ  is generalized fluid. 

Definition 4.10. A variety V of algebras of type τ  is strongly 
generalized fluid, if for every regular generalized hypersubstitution ∈σ  

( ),Reg τG∈σ  there holds 

[ ] [ ] .AAVA =σ⇒∈σ  

Remark 4.11. If V is strongly generalized fluid, then V is generalized 
fluid. 
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Proposition 4.12. Let V be a variety of algebras of type .τ  

(i) If V is strongly generalized fluid, then for all ,VA ∈  and for all 

( ) [ ] ., AAVPRG =σ∈σ  

(ii) If V is strongly generalized fluid, then V is generalized unsolid. 

Proof. (i) Assume that V is strongly generalized fluid. Let VA ∈  

and ( ).VPRG∈σ  By Proposition 4.6, we get [ ] ( ) .VVA ⊆σ∈σ  Since V is 

strongly generalized fluid, we get [ ] .AA =σ  

(ii) Assume that V is strongly generalized fluid. By (i), for all VA ∈  

and for all ( ),VPRG∈σ  we have [ ] [ ]AAA idσ==σ  (i.e., idVRG σσ ~  

and ( ) ( ) IdVxxff inii ∈≈σ ,,1 K  for all Ii ∈ ). This shows that ( )VPRG  

( ).0 VPRG⊆  But ( ) ( ),0 VPVP RGRG ⊆  and then ( ) ( ).0 VPVP RGRG =  So, V is 

generalized unsolid.   

Proposition 4.13. If V is a strongly generalized fluid variety of 
algebras of type τ  and [ ] [ ] ,~~ isoVRGidVRGid −σ=σ  then V is generalized 

unsolid. 

Proof. Assume that V is strongly generalized fluid and [ ] VRGid ~σ  

[ ] .~ isoVRGid −σ=  Let ( ).VPRG∈σ  Since V is strongly generalized fluid, 

we get [ ] AA ≅σ  for all VA ∈  (i.e., idisoVRG σσ −~ ). Therefore, 

[ ] [ ] ,~~ VRGidisoVRGid σ=σ∈σ −  (i.e., idVRG σσ ~ ), and we have 

( ).0 VPRG∈σ  So ( ) ( ),0 VPVP RGRG ⊆  but since ( ) ( ),0 VPVP RGRG ⊆  then 

( ) ( ).0 VPVP RGRG =  Therefore, V is generalized unsolid.   

Proposition 4.14. Let V be a variety of algebras of type .τ  The 

( )VPVRG RG
~  is a congruence relation on the monoid ( ( ) ).,o; idGRG VP σ  

Proof. Let ( ),, 21 VPRG∈σσ  such that ( ) 21 ~ σσ VPVRG RG
 and let 

( ).VPRG∈σ  Then, [ ] VA ∈σ  for all .VA ∈  
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Firstly, we will show that ( )VPVRG RG
~  is a right congruence. Since, 

( ) 21 ~ σσ VPVRG RG
 implies that [ ] [ ]AA 21 σ=σ  for all ,VA ∈  and we get 

that [ [ ]] [ [ ]]AA 21 σσ=σσ  since σ  is a function. So, VRGG ~1 σοσ ,2 σοσ G  
but ( ),, 21 VPRGGG ∈σοσσοσ  because ( )VPRG  is a monoid. Therefore, 

( ) .~ 21 σοσσοσ GVPVRGG RG
 

Next, we will show that ( )VPVRG RG
~  is a left congruence. Since, 

[ ] VA ∈σ  and ( ) 21 ~ σσ VPVRG RG
 implies that [ [ ]] [ [ ]].21 AA σσ=σσ  So, 

,~ 21 σοσσοσ GVRGG  but ( ),, 21 VPRGGG ∈σοσσοσ  because ( )VPRG  
is a monoid. Therefore, ( ) .~ 21 σοσσοσ GVPVRGG RG

 So, ( )VPVRG RG
~  is 

a congruence relation.   

Proposition 4.15. Let V be a variety of algebras of type .τ  Then 

( )VPisoVRG RG−~  is a congruence relation on the monoid ( ( ) ,; GRG VP ο  

).idσ  

Proof. Let ( ),, 21 VPRG∈σσ  such that ( ) 21 ~ σσ − VPisoVRG RG
 and 

let ( ).VPRG∈σ  Then [ ] VA ∈σ  for all .VA ∈  

Firstly, we will show that ( )VPVRG RG
~  is a right congruence. Since, 

( ) 21 ~ σσ − VPisoVRG RG
 implies that [ ] [ ]AA 21 σ=σ  for all ,VA ∈  and by 

Lemma 3.12, we get that [ [ ]] [ [ ]].21 AA σσ≅σσ  So, VRGG ~1 σοσ ,2 σοσ G  
but ( ),, 21 VPRGGG ∈σοσσοσ  because ( )VPRG  is a monoid. Therefore, 

( ) .~ 21 σοσσοσ − GVPisoVRGG RG
 

Next, we will show that ( )VPisoVRG RG−~  is a left congruence. Since, 

[ ] [ ]AA σ≅σ  and [ ] ,VA ∈σ  then [ [ ]] [ [ ]].21 AA σσ≅σσ  So, 1σοσ G  

isoVRG−~ ,2σοσ G  but ( ),, 21 VPRGGG ∈σοσσοσ  because ( )VPRG  is a 
monoid. Therefore, ( ) .~ 21 σοσσοσ − GVPisoVRGG RG

 So, ( )VPisoVRG RG−~  

is a congruence relation.  

  
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