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Abstract

Generalized hypersubstitutions are mappings from the set of all fundamental
operations into the set of all terms of the same language do not necessarily
preserve the arities. Strong hyperidentities are identities, which are closed under
these generalized hypersubstitutions and a strongly solid variety is a variety,
which every its identity is a strong hyperidentity. In this paper, we
defined relations ~yRrG, ~VRG-iso On the set of all regular generalized
hypersubstitutions, and investigate some algebraic structural properties of the
monoid of all regular generalized hypersubstitutions.

1. Introduction

The concept of a hypersubstitution was introduced by Denecke et al.
in 1991 [2]. They used it to make precise the concept of a hyperidentity. A
hypersubstitution of type T = (n;),.; is a mapping

2010 Mathematics Subject Classification: 20M05, 20M99, 20N02.

Keywords and phrases: generalized hypersubstitution, regular generalized hypersub-
stitution, generalized derived algebra, generalized unsolid, generalized fluid.

*Corresponding author
Received January 7, 2010
© 2010 Scientific Advances Publishers



66 SARAWUT PHUAPONG and SORASAK LEERATANAVALEE
c:{fi|iel} > W.(X),

which maps n; -ary operation symbols to n;-ary terms. Let Hyp(t) be the
set of all hypersubstitutions of type 7. For every ¢ € Hyp(t), induces a
mapping 6 : W.(X) » W.(X) as follows: for any te W.(X), 6[t] is
defined inductively by

(i) 6[x] := x, for any variable x € X, and

() olfi(ts, ..., ty )] = o(fi)(6[t1 ], ..., 6[tp, ]), where 6[t;], 1< j < n
are already defined.

It turns out that (Hyp(t); 0, 6;¢) is a monoid, where o7 0o} 69 =
61 009, o denotes the usual composition of mappings, and oc;4(f;) =

fi(x1, ..., xp,; ) is the identity element.

In 1998, Chajda et al. introduced the concept of algebras induced by
hypersubstitutions [1]. In 2009, Phuapong and Leeratanavalee introduced
the concept of generalized derived algebras, generalized induced algebras,
and studied its properties [7]. Let {f;|i € I} be an indexed set of

operation symbols of type T = (n;) where f; is an n;-ary, n; € N. Let

el
W_(X) be the set of all terms of type T built up by these operation
symbols and by variables of an alphabet X := {x;, x9, x3, ... }. If
X, ={x1, x9, ..., x,} 1s an n element alphabet, we obtain the set
W.(X,,) of all n-ary terms. By F.(X,,):= (W.(X,); (f;);c;), we denote
the absolutely free algebra of type T, freely generated by
W (Xy)

{x1, %3, ..., x, }, where the operations f; = f;

are defined by

£ (wy, ..., Wp, ) = fi(wy,s s wy, ),
for each i e I and for all wy, ..., w, € W.(X,), and F.(X) is the
absolutely free algebra of type T, freely generated by X.
Let V be a variety of type T and let 4 = (4; (/4 )icr) be an indexed

algebra of type T, where fiA is an n;-ary operation on A. By IdV, we

denote the set of all identities satisfied in V.



GENERALIZED UNSOLID AND GENERALIZED ... 67

The concept of generalized hypersubstitutions was introduced by
Leeratanavalee and Denecke [4]. Leeratanavalee and Denecke used it as
a tool to study strong hyperidentities, and used strong hyperidentities to
classify varieties into collections called strong hypervarieties. Varieties,
which every its identity is closed under arbitrary application of
generalized hypersubstitutions are called strongly solid.

A generalized hypersubstitution of type T, or for short simply a
generalized hypersubstitution, is a mapping o, which maps each n;-ary

operation symbol of type T to a term of this type in W_(X), which does

not necessarily preserve the arity. We denoted the set of all generalized

hypersubstitutions of type T by Hypg(t). To define a binary operation

on Hypg(T), at first, we defined inductively the concept of superposition
of terms S™ : W, (X)™"! - W, (X) by the following steps:
for any term ¢t € W_(X),
() if t = xj,1 < j <m, then S"(xj, t;, ..., t,, ) =},
(i) if t = xj, m < j e N, then Sm(x]-, Hyooos by ) =X

(i) if ¢ = fi(sy, ..., sp; ), then

STt tys sty ) = [(S™ (815 b1y s b )y ooy 8™ (s b ooy E)-

Instead of S™(¢, t1, ..., t,, ), we also write (¢, ..., t,, ).

An algebra with similar properties can be obtained, if we define a
superposition operation for n-ary operations on a set A. We consider the

set O(A) of all finitary operations on A.

Definition 1.1. Let O"(A), n > 1 be the set of all n-ary operations
defined on the set A. Then, (n+1)-ary superposition operation
S™4:.0™(A)" 5 0™ (A) is defined by S™A(F4, gf,.... g2 )(aq, ..., a, )=

fA(glA(al, vy Qg )y s g,’?(al, .., ay,)), for every (ai,...,a,)e A"
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Here gf‘, . g,‘;‘ as well as are n-ary. This can be generalized to an

operation S4 : O™(A)x (0™(A))" - O™(A), m > 1 defined by

SA(fA et gt ) (ar,e ap) = A8 (arse O ) 8 (@, )
Definition 1.2. Let A be an algebra of type T =(n;),.;. Let

t € W.(X). Then, t induces an n-ary term operation t4 1 A" 5 A called
the n-ary term operation induced by the term t on the algebra A, via the

following steps:

@) if t = x; € X,,, then tA = x4 = e;L’A

i , where e;L’A (ag, .5 ay)

- a;

j 1s n-ary projection onto the j-th coordinate,

(i) if ¢t =x; € X\ X,,, then t4 = le = cy is the m-ary constant
operation on A with value a, and each element from A is uniquely induced

by an element from X \ X,,,

(i) if ¢ = fi(ty, ..., ty,) and ¢, ..., ¢

1

are the n-ary term operations,

which are induced by ¢, ..., t,., then t4 = S"A(fA, A, . t2).

n

We extended a generalized hypersubstitution ¢ to a mapping
6 : W.(X) > W,.(X) inductively defined as follows:

(1) 6[x] = x € X,

() olfi(ti, ..., ty)] = S"(a(f;), 6lt1], ..., [ty ]), for any n;-ary

operation symbol f;, where 6{t;], 1 < j < n; are already defined.

Then, we defined a binary operation og on Hypg(t) by 61 0og o9 =
61 009, where o denotes the usual composition of mappings. Let o;; be
a hypersubstitution, which maps each n;-ary operation symbol f; to the

term f;(xq, ..., X, ). Leeratanavalee and Denecke proved the following

propositions.
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Proposition 1.3 [4]. For arbitrary terms t, t1, ..., t, € W.(X) and for

arbitrary generalized hypersubstitutions o, o1, 69, we have

@ S™(slt], sltr ], ..., 6lt,]) = 6[S™(¢, t1, ... t,)],

(i) (67 009 ) = 61 06Gy.

Proposition 1.4 [4]. Hypg(t) = (Hypg(T); oG, o,q) is @ monoid and
the monoid Hyp(r) = (Hyp(7); oy, 6;9) of all arity preserving

hypersubstitutions of type T forms a submonoid of Hypg(T).

An identity u ~ v is called an M-strong hyperidentity of a variety V,

where M is any submonoid of Hypg(t), if for any generalized

hypersubstitution ¢ € M, the identity 6[u] = S[v] holds in V. A variety

V is called an M-strongly solid, if every identity of V is an M-strong
hyperidentity of V. If M 1is the monoid Hypg(t), an M-strong

hyperidentity is called a strong hyperidentity, and an M-strongly solid

variety is called a strongly solid variety.

Generalized hypersubstitution can also be applied to algebras. For an
algebra A = (A4; (fiA )icr) of type T, we define the generalized derived
algebra o[A] by o[A] = (4; (o(f; A )icr)- The generalized derived
algebra o[A] is an algebra of the same type T and with the same
universe A. The set {o(f; )* |i e I} of fundamental operations of o[A] is
a subset of the set of all term operations of the algebra A. If Vis a
strongly solid variety, then o(V):={c[ld4]|]AeV}cV, for all
o € Hypg(7).

2. Regular Generalized Hypersubstitutions and
M-Strongly Solid Varieties

In this section, we recall some basic facts about regular generalized

hypersubstitutions and M-strongly solid varieties.
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Definition 2.1 [6]. A generalized hypersubstitution ¢ € Hypg(T) is
called a regular generalized hypersubstitution, if for every i € I, each of

the variables x;, %, ..., X, occur in &[f;(x1, xg, ..., 2, )]

Let Regq(T) be the set of all regular generalized hypersubstitutions
of type 7. Then, we have Regq (1) < Hypg(7).

Proposition 2.2 [6]. For any type T, Regg(t) is a submonoid of
Hypg (7).

Lemma 2.3. Let A be an algebra of type 7 = (n;);.;; n; € N. For
c € Regg(t) and t e W.(X), we denoted the n-ary term operation
induced by t in the algebra o[A], and the n-ary term operation induced by
ol4] gnd 5[t]A

6[t] in the algebra A by t , respectively. Then, we have

o]t = ¢otal,

Proof. We will proceed by induction on the complexity of the term t.

]A A ein,A _

=x; = G[A]

If t = x; € X,,, then [x; X

If t=x; € X\X,, then 6[xj]A = x;4 =cl = x?[é] is the n-ary
constant operation on A with value a, and every element from A is

uniquely induced by an element from X \ X,,. If ¢ = f;(¢, ..., tni) and

assume that 6[t-]A = t;.j[é], forall 1 < j < n;, then

J
Sfi(ty, oo, to )1 = S™(a(fy), 6lt1 ], ..., &ty ?
= 8" A(o(f)A, 8l 1 .., 8ty 1)

- Sni’A(fiG[é], tlc[é] , t:_[é])

g eee

= filty, e, 1y, )AL
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Lemma 2.4. Let o1, o5 € Regg(7) and A e Alg(t). Then c,(c3[A])
= (o3 og o1 )[Al.
Proof. We have
o1(05[A)) = (4; (o1(£)°24]),p)

= (4; (63[01(£;)]* );cr) by Lemma 2.3

= (4 (o2 06 61) (£)" )icr)
= (02 oG o1)[A].
O
Let K < Alg(t) be a class of algebras of type 7 and > c W.(X)2.

Consider the connection between Alg(t) and W.(X)? given by the

following two operators:
Id : P(Alg(r)) - P(W.(X)?), Mod : P(W.(X)?) - P(Alg(r)),
with

IdK ={s~t e W, (X)?|VA e K(AEs ~ t)},

ModZ:: {A e Alg(T)| Vs~ t e Z(éhs ~ t)}.
Clearly, the pair (Mod, Id) is a Galois connection between Alg(t) and
W.(X)?. We have two closure operators ModId and IdMod, and their

sets of fixed points.

Definition 2.5. Let A be an algebra of type T and let M be a

submonoid of the monoid Regg(t). Then, we define
xbr = P(Alg(r) - P(Alg(r)), 7y : POWL(X)?) > P(W,(X)*),
by

1hu (A) = {ol4]| o € M},
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1Els ~ t] = {6[s] ~ &[t]| o € M},

For K < Alg(t) and ) c W.(X)?, we define x4 (K) = U 147 (A) and
AeK

1= U adzls = 2].
sztez

Proposition 2.6. Let A e Alg(t) and s ~ t € W.(X)?. Then
war(A)Es ~ tiff Aexlyls ~ ],
Proof. We have
vi(A)Es ~t © Vo e M(c[Al=s ~ t)
& Vo e M(SG[A] = t(’[é])

o Vo e M(s[s]* = 5[t]?)
< Vo e M(AE6[s] = 6t])

o Arydyls ~ ).
O
Definition 2.7. Let V be a variety of algebras of type 7. Then V is
said to be M-strongly solid, if y4;(V)=V. If M = Regg(r), then V is
called regular strongly solid.

3. V-Proper Regular Generalized
Hypersubstitutions

In this section, we give the definition of V-proper regular generalized
hypersubstitution, V-regular generalized equivalent, and investigate
some algebraic structural properties of the set of all V-proper regular

generalized hypersubstitutions and V-regular generalized equivalent.
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Definition 3.1. Let V be a variety of algebras of type 7. A regular
generalized hypersubstitution ¢ € Regg(7) is called a V-proper regular
generalized hypersubstitution, if for every s =t € IdV one gets
6ls] = 6lt] € IdV.
We denote Prg(V) for the set of all V-proper regular generalized
hypersubstitutions of type T.

Proposition 3.2. The algebra (Prg(V); og, ciq) is a submonoid of
(Regg(7); 06, 0ig)-

Proof. Clearly, c;; € Prg(V). If o1, 63 € Prg(V), then for every
s~te IdV, we have Gy[s]~ 65ft] € IdV and 6,[65[s]] = 6;[69[t]] € IdV.
This means that (67 069)[s] = (6;069)[t] € IdV  and thus,
(o1 0og 69 )[s] = (o1 0g o9 )[t] € IdV. Therefore, 6, og o9 € Prg(V),
and then Ppg(V) is a submonoid of Reg(r). O

Definition 3.3. Let V be a variety of algebras of type 7. Two regular

generalized hypersubstitutions o7, og of type T are called V-regular
generalized equivalent, if and only if 6,(f;) = o9(f;) € IdV, forall i e I.

In this case, we write 6; ~ypg ©9-
Theorem 3.4. Let V be a variety of algebras of type T, and let o1, o9
€ Regq (7). Then, the following are equivalent:
(i) o1 ~vrG ©2-
(i1) For every t € W.(X), the equation &t] ~ 64[t] € IdV.
(iti) For every A e V, 51[A] = 55[A], where o[A]=(A; (o4(f;)* )icr):
k=12

Proof. (i) = (i1)). We will proceed by induction on the complexity of

the term ¢.
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Ift =x; € X,ieN, then 61[x;] = x; ~ x; = 69[x;] € IdV.

If t =fi(t, ..., t, ) and assume that &[t;]~ 6[t;] e IdV, for all
je{l, 2, ..., n;}, then

&1[fi(t, sty I = 8" (1(f), ilta ] .o &1[tn, D4
= Sni’A(Gl(fi)A’ 61[t1]A’ o 61[tni ]A)

= S”i’A(Gz(fi)A, cAY2[t1]A’ 62[% ]A)

Sni(GZ(fi)’ 62[t1]’ ceeo 62[tni ])A

= 62[}(1-(151, ) tni )]A
Hence, 61[fi(t1, ..., tp, )] = 6alfi(t1, ..., 8, )] € 1dV.
(i) = (iii). Let A € V. From (ii), we have &,[t] = 65[t] € IdV for all
t e W.(X). Then Ak6,[t]~ 65t]. Thus, oi(f)* = oy(f;)* for all
i € I. Therefore, 5;[A] = c9[A].
(iii) = (). Let A € V and o;[4] = 55[4]. Then o,(f;)* = oo(f;)*
for all i € I. Thus, o1(f;) = o9(f;) € IdV. So, 6; ~yrg ©9- O

Proposition 3.5. Let V be a solid variety of algebras of type t. Then,
the relation ~ypqa is a congruence on Regq (7).

Proof. It is clear that ~yps is an equivalence relation on Regg(T).
Assume that o1 ~ypg 09 and o3 ~yrg 04. Then, by Theorem 3.4 (ii),

forall : € I, we get

61lo3(fi)] = 63lo3(fi)] € IdV = o1 o¢ o3

Q

o9 0g 03 € 1dV,
and
Golos(fi)] = 69[c4(f;)] € IdV = 690G 63 ~ 69 0 64 € IdV.
By transitivity, we get o; oG 63 = 69 0 64 € IdV, and so, o] og O3

~VRG ©2 0G O4- O
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Proposition 3.6. Let V be a variety of algebras of type 7. Then the
following hold.:

(i) For all o, o3 € Regq (1), if 61 ~yrg ©9, then oy is a V-proper
regular generalized hypersubstitution, iff o9 is a V-proper regular

generalized hypersubstitution.

() For all s, teW.(X) and for all o1, c9 € Regg(r), if
01 “VRG 92 then 61[8] ~ 61[t] e IdV lff 62[8] ~ 62[t] e IdV.

Proof. (i) Let o; be a V-proper regular generalized hypersubstitution.
Then for all s=~t e IdV, the equation &[s]~ 6;[t] e IdV. Since
o1 ~VrRG O3, we have V E&y[s] ~ 61[s] = 61[t] = 65[¢]. Thus, oy is a
V-proper regular generalized hypersubstitution. The other direction can
be proved in the same way.

(i) Suppose that &;[s]=~ 6;[t]e IdV. Since o; ~ypg o9, the
equations 6;[s] » G5[s] and &1[t] = 64[t] are identities in V by Theorem
3.4. Thus, G6g[s] ~ 65[t] € IdV. The converse can be proved in the same
way. O

Corollary 3.7. The set Ppg(V) is a union of equivalence classes with

respect to ~yRga -

Now, we consider the equivalence class of the identity generalized

hypersubstitution.

Definition 3.8. Let V be a variety of algebras of type 7. A regular

generalized hypersubstitution o € Regqg(7) is called an inner regular

generalized hypersubstitution of a variety V, if for every i € I,

Slfi(x1, ooy 2 )] = fi(%1, s %y, ) € 1AV,

Let PRQG (V) be the set of all inner regular generalized hypersubstitutions

of V. By the definition, P]%G (V) is the equivalence class [o;4 ]NVRG'
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Proposition 3.9. If o e PEG(V), then &[t]~t e IdV, for all
t € W.(X).

Proof. We will proceed by induction on the complexity of the term z.

Ift=x; € X, then 6[t] =x; ~x; =t € IdV.

If t=f(t,..,t,) and assume that &[t;]~¢; e I[dV, for all
jefl, 2 .., n;}, then

6[ﬁ(t1, o tni )]A = Sni(G(fi)’ 6[t1], o cAf[tni ])A

= 8" A(o(f)A, aln 1 .., 8ty 1)

LA rA LA A
= Snl (ﬂ 5 tl 9 seey tnl)
=fi(t1,...,tni)A, for all A e V.

O

Proposition 3.10. The algebra (PRQG (V); oG, 6;q) is a submonoid of
(Prg(V); oG, 6iq )

Proof. Clearly, o;; € Pp,(V). Assume that o, 65 € Pp(V). Then

(Gl 0G O2 )A[fi(xl’ s Xy )] = cA’l[cASZ[fi(xl’ cees Xy, )]]

Q

69[f; (%1, ..., x,,)] by Proposition 3.9

Q

fi(x1, ..., xp;) by Proposition 3.9
e IdV.
Therefore, 61 0g 69 € PRQG (V). Thus P}%G (V) is a monoid. By Proposition

3.9, we have PRQG (V) € Prg(V). So, (PRQG(V); oG, G;q) is a submonoid

of (Pra(V); oG, oiq ) O
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Now, we show that the compatibility condition from the definition of a
homomorphism for algebras transfers fundamental operations to
arbitrary term operations.

Lemma 3.11. Let A € Alg(t) and let t4 be the n-ary term operation
on A induced by the n-ary term t € W.(X). Let B € Alg(t). If o: A > B
is an isomorphism, then for all ay, ..., a,, € A,

o(t4(ar, ..., an)) = tP(0lar), ..., olay,))-

Proof. We will proceed by induction on the complexity of the term ¢.

Ift = x; € X,,, then t4 = xlA = ein’A, and (8 = xlB = ein’B. Thus,

ot (ar, ., an,)) = olef A (ay, ..., ay,))

o(a;)

ein’B((P(al)’ ceey (P(ani ))

t%(o(a), ..., olay, ).

Ift=x; e X\X,, then tA = x;l = ¢, is the n-ary constant operation

on A with value @, and each element from A is uniquely induced by an

element from X \ X,,, and tB = xfj = cg is the n-ary constant operation

on B with value b, and each element from B is uniquely induced by an
element from X \ X,,. Thus,

(P(tA(al’ SR ani )) = (P(xjﬁ(al’ ) ani ))

= ¢(a)

= b, for some unique b € B

= 2B (olay). ... olay, )

tB((P(al )’ cee (P(ani ))
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If t = fi(ty, ..., ty; ), and assume that ¢(tj4(a1, s Q) = t}g(qo(al),...,

o(ay, ), forall 1 < j < n;, then

ot (ar, s an)) = o(fi(tr, s to, ) (ars s @)

iArrA LA A
= (S (Lt tni)(al, s Ay )

A

:(P(fiA’tl A(

(@, ooy ap )y ooes tni

a1, s ay,)

= (ot (o, s ag)), s oltr (ar, ooy ay))

= P (olar), ..., olan,)), ..., tfi((P(al)’ s 0lay, )
= (P, ) (olar), .. olay, )

= tP(p(ar), ..., olay, ). O

Proposition 3.12. Let A, Be Alg(t) and o € Regg(1). If h: A - B

is an isomorphism, then h is also an isomorphism from o[A] to o[B].

Proof. Since h : A — B is bijective, the mapping A : o[A] — o[B] is

also bijective because algebras and their derived algebras have the same

universes. By Lemma 3.11, for the term o(f;), we have
(P ay, .., ay,)) = h(o(f; YA (ay, ...\ an,)
= o(£)P(Mlay), ..., Alay,))

= 178(h(ay), ..., h(ay,)).
This shows that A : A — B is a homomorphism. Therefore, 6[A] = o[B].

O
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Definition 3.13. Let V be a variety of algebras of type T and o7, o9

€ Regq (7). Then, we define
o1 ~VRG-iso Oz iff 61[A] = o3[A], VA e V.
Clearly, ~yra = ~VRG-iso -
Proposition 3.14. Let V be a variety of algebras of type 7. Then,

(1) the relation ~ypa_iso 1S a right congruence on Regg(7);

(1) if V is a strongly solid variety, then ~ypG_iso IS @ congruence on
Regqg (7).

Proof. (i) Let 67 ~yrg_iso 02 and o € Regg (7). Then c;[A] = 5[A]
and ofc;[A]] = o[c[A]], for all A eV by Lemma 3.12. Consider
(o1 oG 0)[A]=0[01[A]]= o[o3[A]]= (o5 oG o)[A]. So, o1 oG & ~VRG-is0o
o9 oG o. This shows that ~ypa_;se 1S a right congruence.

(i) Assume that V is strongly solid. Then, o[A]e V for all
c € Regg(7) for all A € V. Since 6; ~ypg_iso 2, 01[0l4]] = o5[c[A]]
forall A € V. Consider (cog o7 )[A]=0[0[A]]= o5[c[A]]=(c0g o5 )[A].
So, 6 0g ©1 ~VRG-iso © O0g O9. This shows that ~ygpg_;s, 1s a left
congruence and because of (i), it 1s a congruence. O

Proposition 3.15. If V = Alg(t), then ~yrg_is, IS @ congruence on
Regg (7).

Proof. Since V = Alg(t), so V is a strongly solid variety. Thus, the

claim follows from Proposition 3.14 (ii). O

Proposition 3.16. The equivalence class PRQ’C‘;/RG#SO V)= [oia ] g

is the submonoid of (Regqg(T); oG, 6iq)-
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Proof. Clearly, ;5 < PlgbVRG_iSO(V). Next, we will show that
P](%’GVRG_iSO(V) is closed under the operation og. Let oy, 09 €
Pp/ROT0(V). Then o) ~ypG-iso Oia and Gy ~VRG-iso Gig- These
imply that 6;[A] = A and cy[A] = A, forall A € V. We have

(o1 0g 02)[A] = o3[01[A]], Dby Lemma 2.4
= 0y[A]

A.

I

Then (Gl oG 02) ~VRG-iso Cid- Therefore, G1 0 O9 € P}g’GVRG_iSO(V). SO,
P YRET50(V) is the submonoid of Regq (). O
Proposition 3.17. Let V be a variety of algebras of type T,

s~teldV for s, te W/(X) and let o, o9 € Regg(r). If
01 ~VRG-iso O2 and &1[s] = 61[t] € IdV, then &9[s] = 64[t] € IdV.

Proof. Assume that o; ~ypag_iso 02 and &;[s] = 6;[t] € IdV. Then
by Theorem 3.4, we have c;[A] = o9[A] for all A € V. So, there is an
isomorphism ¢ from o;[A] to oy[A]. Let by, ..., b, € A. Then, there

are elements a,, ..., a, € A, such that ¢(a;) = by, ..., o(a,, ) = b, We

have

62[‘9](1)1’ L) bni ) = 62[8](([)(01), e (P(ani ))

= (P(&l[s] (al’ ey Ay, ))

(P(&l[t](al’ tee ani ))

62[}5](@((11 )’ () (p(ani ))
= &9[t](br, .., by, )

Then, 649[s] = 649[t] € IdA forall A € V. So, 69[s] = 64[t] € IdV. O
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Corollary 3.18. The set Ppg(V) is a union of equivalence classes

with respect to ~yRG—iso-

Remark 3.19. Pp.(V) c Plg’GVRG_iSO(V) c Pra(V).

4. Generalized Unsolid and Generalized
Fluid Varieties

For a strongly solid variety, every identity is closed under all
generalized hypersubstitutions. At the other extreme is the case, where

the identities are closed only under the identity hypersubstitution.

Definition 4.1. A variety V of algebras of type T is said to be
generalized unsolid, if Ppg(V) = PRQG (V), and V is said to be completely

generalized unsolid, if Ppq(V) = PRQG (V) = {oiq}-

Definition 4.2. A variety V of algebras of type T is said to be iso-

generalized unsolid, if Ppg(V) = PpyB07(V), and V is said to be
. . . g _ p0,VRG-iso _
completely iso-generalized unsolid, if Ppg(V) = Pgy, (V) = {oiq}-

Proposition 4.3. Let V be a variety of algebras of type t. Then,
() if Vis generalized unsolid, V is iso-generalized unsolid;

(11) V is completely generalized unsolid, if and only if V is completely

1so-generalized unsolid.
Proof. (i) The claim follows from the definitions and Remark 3.19.

(11) If V is completely generalized unsolid, then V is completely iso-

generalized unsolid by Remark 3.19. Conversely, assume that V is

completely iso-generalized unsolid. Then Prq(V) = PIg’GVRG_iSO (V)={c,q}-

Since, Pp;(V) < Ppg(V) and Prg(V) = 0, we get Pp.(V) = {o;q}. So,

V is completely generalized unsolid. O
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Definition 4.4. A variety V of algebras of type T is said to be
generalized fluid, if for every algebra A eV, and every regular

generalized hypersubstitution ¢ € Regg(7), there holds
olAl e V = o[A] = A.

We denote by o(V), the class of all algebras o[A] with A € V. As an
easy consequence of the definition, we have the following result.

Proposition 4.5. If a variety V of algebras of type 7 is generalized
fluid, then for every o € Regg(t), there holds

o(V)c V= VA e V(c[A] = A).

Proposition 4.6. Let V be a variety of algebras of type . Then for all
c € Regg(1), o(V) = V, ifand only if 6 € Prg(V).

Proof. Assume that o(V)c V. Let s~te IdV. Then, IdV c Ids(V)
and we have s ~t € Ido(V). So, 6[s] = 6[t] € IdV by Proposition 2.6.
Therefore, ¢ € Prg(V). Conversely, we assume that ¢ € Ppg(V). Let
A eo(V) and s ~ t € IdV. Then, 6[s] ~ 6[t] € IdV by c € Prg(V) and
s ~ t € Ido(V) by Proposition 2.6. Since A € o(V), we have s ~ t € IdA
and A e V. So, o(V) c V. O

This shows that, if a variety V of algebras of type T is generalized

fluid, then for every regular generalized hypersubstitution ¢ € Regg(1),

there holds
C € PRG(V) = VA € V(GM] = é)
Proposition 4.7. Let V be a generalized fluid variety of algebras of

type 7. Then, Pra(V) = [6iq lyrg—iso-

Proof. Let 6 € Prg(V). Then &[s] =~ 6[t] € IdV for all s ~t € IdV
implies that 6[s] ~ 6[t] € IdA, for all A € V. By Proposition 2.6, we have
s ~t e Ido[A]. So, o[A] eV for all A eV and for all o € Regq(7).
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Since V is generalized fluid, we have o[A] = A and this implies that
O ~VRG-iso Oid- Therefore, o € [Gid ]NVRG—iso' Thus PRG(V) C

[cia ]~VRG—iso’ but [o;4 LVRG—iso c Prg(V). So, Prg(V)=[oiq ]~VRG—iso’
O

Proposition 4.8. Let V be a strongly solid variety of algebras of type
7. Then V is generalized fluid, if and only if Pra(V) = [0id )~ ypc_iso-

Proof. By Proposition 4.7, we have that V is generalized fluid, then
Prg(V) = [0i4 ] ypg_iso- Conversely, we assume that Pgg(V) =
[oid)-yrG_iso- Let o € Regg(r). Since V is strongly solid, we get
o[A] e V, for all A € V. Next, we will show that ¢ € Ppg(V). Suppose
that o ¢ Prg(V). Then, there is an identity s ~t € IdV, such that
6[s] = 6[t] ¢ IdV, and this implies that there exists A € V such that
6[s] = 6[t] ¢ IdA. By Proposition 2.6, we get s=~t ¢ Ido[A] and

o[A] ¢ V, which is a contradiction. So, 6 € Prg(V) = [0iq].ypg_is, and
G ~VRG-iso Oid- Therefore, o[A]= A for all AeV. Then V is
generalized fluid. O

Let V be a generalized fluid variety of algebras of type T and assume
that Wis a subvariety of V. Clearly, W is also generalized fluid since, for
all Ae W c V and o € Regg(1), we have

olAl e W = o[A] = A.
Therefore, we have the following.

Proposition 4.9. Every subvariety of a generalized fluid variety of
algebras of type T is generalized fluid.

Definition 4.10. A variety V of algebras of type T is strongly
generalized fluid, if for every regular generalized hypersubstitution ¢ e
c € Regg(T), there holds

olA]l e V = o[A] = A.

Remark 4.11. If Vis strongly generalized fluid, then V'is generalized
fluid.
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Proposition 4.12. Let V be a variety of algebras of type .

(1) If V is strongly generalized fluid, then for all A € V, and for all
c € Ppg(V), o[A] = A.

(1) If Vis strongly generalized fluid, then V is generalized unsolid.

Proof. (i) Assume that V is strongly generalized fluid. Let A e V
and ¢ € Ppg(V). By Proposition 4.6, we get o[A] € 6(V) < V. Since Vis
strongly generalized fluid, we get o[A] = A.

(i1) Assume that V is strongly generalized fluid. By (i), for all A e V
and for all c € Ppg(V), we have o[A] = A = 6;4[A] (ie., 6 ~yrg Ciq
and o(f;) = fi(x1, ..., xp; ) € IdV for all i € I). This shows that Pgg(V)
c Pps(V). But Py (V) < Prg(V), and then Prg(V) = Pp (V). So, Vis
generalized unsolid. O

Proposition 4.13. If V is a strongly generalized fluid variety of
algebras of type T and [6iq]-yps = [Gid )ypa_is» then V is generalized

unsolid.

Proof. Assume that V is strongly generalized fluid and [o;4].\pq
= [0id ) -vrG_iso- L€t 0 € Prg(V). Since V is strongly generalized fluid,
we get ofA] = A for all AeV (e, ©~yrGg_iso Oiq)- Therefore,
o €loiqlovpg_iso = [0id ypg> (e, ©~vrg 6iq), and we have
ce PlgG (V). So Ppa(V) c PIgG (V), but since PRQG(V) c Ppg(V), then

Ppg(V) = PRQG (V). Therefore, Vis generalized unsolid. O

Proposition 4.14. Let V be a variety of algebras of type T. The
~VRG|PR(;(V) is a congruence relation on the monoid (Prg(V); og, 6,q)-

Proof. Let o1, o9 € Ppg(V), such that o NVRGlPRg(V)GQ and let

c € Ppg(V). Then, o[A] e V forall A e V.
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Firstly, we will show that ~ypg| Pra(V) is a right congruence. Since,
o1 NVRGlPRg(V)GZ implies that c;[A] = o9[A] for all A € V, and we get
that oc;[A]] = 6[o4[A]] since o is a function. So, 6; 0g 6 ~yrg 690G O,
but 6; 0g 6, 69 0g 6 € Ppg(V), because Ppn(V) is a monoid. Therefore,

010G O NVRGlPRg(V)62 oG G.

Next, we will show that ~yrg| P (V) is a left congruence. Since,
o[A] eV and o; NVRGlPRG(V)G2 implies that o[o[A]] = o5[c[A]]. So,
G O0G 01 ~VRG O 0¢G O9, but G0G 01,005 09 € PRG(V)’ because PRG(V)
1s a monoid. Therefore, G O0G Oq NVRGlPRG(V)G oG O2. SO, NVRG'PRG(V) 18

a congruence relation. O

Proposition 4.15. Let V be a variety of algebras of type 1. Then
NVRG—isolPRg(V) is a congruence relation on the monoid (Ppg(V); og,

Sid )-
Proof. Let o, 63 € Ppg(V), such that o NVRG—isolPR(;(V)GQ and

let 6 € Prg(V). Then o[A] e V forall A e V.

Firstly, we will show that ~ypg| Pra(V) is a right congruence. Since,
o1 NVRG—isolpRG(V)GZ implies that o;[A] = 55[A4] for all A € V, and by
Lemma 3.12, we get that o[c;[A]] = o[c3[A]]. So, 6; 0g 6 ~yrg o9 0g O,
but 67 og o, 65 0g 6 € Prg(V), because Prg(V) is a monoid. Therefore,

510G O ~VRG-iso| ppg(v)52 9G O-

Next, we will show that ~yrg_isol P (V) is a left congruence. Since,
o[A] = o[A] and o[A] eV, then o;[c[A]] = o9[c[A]]. So, cog o
~VRG-iso O OG O, but 6 og o1, 6og 69 € Ppg(V), because Ppg(V) is a
monoid. Therefore, cog o1 NVRG—isolPR(;(V)G oG o39. So, NVRG—isolPR(;(V)

is a congruence relation.

O
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